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@ Condensable algebra is the key mathematical notion for anyon
condensation.

o | will describe the standard prescription to translate notions in
fusion category into concrete numbers/matrices/tensors and
equations between them. Generalized tensor network

@ Following such prescription, one can extract the structure
coefficients of condensable algebra.

@ Physically, structure coefficients can be observed/measured by
the overlap between groundstates of condensed and
uncondensed phases, on punctured sphere or higher genus

Su rfaceS. TL, Xueda Wen, Liang Kong, and Xiao-Gang Wen, arXiv:1911.08470.
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Rewrite set-theoretical notions in terms of maps

@ Set-theoretical notions are usually written in terms of
elements and equations.

@ In category theory, there are no elements; objects are thought
as black boxes and no internal structures are assumed.

@ The only things one can manipulate are the maps or
morphisms between objects.

@ So the first step is to rewrite set-theoretical notions in terms
of maps. Get rid of elements
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Rewrite set-theoretical notions in terms of maps

For example, a semi-group G is a set G with a binary operation

GxG—G,
(a,b) — ab,

which is associative. In terms of elements:

(ab)e = a(be).
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Rewrite set-theoretical notions in terms of maps

For example, a semi-group G is a set G with a binary operation

m:GxG— G,
(a,b) — ab = m(a,b),

which is associative. In terms of elements:
(ab)c = a(bc), m(m(a,b),c) =m(a,m(b,c)).
In terms of maps:

mo (m x idg) = mo (idg x m),

GxGxG" L qxa
mXxidg m
G X G m G
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Algebra

@ We did pay some price, but now the notion can be easily
generalized to any category with tensor product generalization of

Cartesian product of sets.

@ Semi-group in category of sets
» Algebra in category of vector spaces.

@ Set GG » Vector space A.
@ Mapm:G xG — G w» Linearmapm: A® A — A.
@ Associativity is the same diagram

ARAgA—ME™ AgA
mEid 4 m
AR A m
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Algebra in tensor category

@ We did pay some price, but now the notion can be easily
generalized to any category with tensor product generalization of

Cartesian product of sets.

@ Semi-group in category of sets
» Algebra in any tensor category.

@ Set G » Object A.
@ Mapm:G x G — G » Morphismm : AR A — A.
@ Associativity is the same diagram

ARAgA—ME™ AgA
mEid 4 m
AR A m

Tian Lan Structure coefficients of condensable algebra



@ To express linear maps in terms of numbers, we have to
choose a basis.

@ An element in set G is a map from {e} to G.

@ A vector |a) and a dual vector («| can both be translated into
linear maps ¢, and p:

o : C— A, pa:(qa)T:A%(C,
A= ga(A) = Ala). 1) = p*(|¥)) = (aly).

@ An orthonormal basis is a set of vectors
(@]B) =00, D _la)(al =ida.
(6%
In terms of linear maps g, p“

p¥qs = Sapide, Y qap® =ida.
(e
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@ A unitary fusion category is tensor category with good
structures such that one can pick a finite basis colored by topological
charges/simple objects for any Ob_]eCt

@ Now, given a composite anyon
_ m;BNA
A= @iV

where ¢ labels the simple anyons, a basis of A is a set of
morphisms (“linear maps” in generic tensor category)
qf}a:i—>A, pza:(qfa)T:A%i, a=1,...,N?

NA

(3

o A . A i, .
P s = 0ij0apids, Z G opy" =ida.

i a=l1
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It is intuitive to use the following graphs for the basis:

) A "
7,0 _
- pA 9 Q= qi,a'

i

NS =

Our choice of symbol is to emphasize the similarity to the basis of
Hilbert spaces (rotate the graph by 90° anticlockwise). They
satisfy similar orthonormal and complete conditions:

F_O‘Q_HA ~ (i, al, Aﬂ_ga_ﬁ ~ |a, i),
a B ) .
o ~ (halB]) = dijas,

Z h % p e " ~Z]a,i><i,a]:id,4.
1o’
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Express morphism by matrix or tensor

Any morphism f: A — B

becomes a biock diagonal Mmatrix if we choose bases for A and B.
Insert identity,

f=idpfida= > aPpl fal '
jByia

_Z Bn nﬁ f « «
- B i B A i A

P
fany
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Express morphism by matrix or tensor

The 7 to j part reduces to a number

B a .
BTy i R R S e L S
Thus
f=3 f A
— Bl\ A'B ar\ na
_ZB i f e
JBia
= > P Fal i = alsfipadiidip’y
7B jBia
B " — Br\ a
= Zfz,ﬂaqz,ﬁplAa - Zfz,ﬁa B 1% P \‘Oé A .
iBa i,Ba
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Tensor network with extra leg “color”

The composition of morphism is just matrix multiplication

af = g 95— -

gf ,,Ba Zgl B'yfzqoz

@ The simple object 7 is the “color”, the composite object
BNA . . :
A = @i®N; , or the number NZ-A, gives the bond dimension
colored by 1.

@ When there is only a trivial color, these graphs reduce to usual
tensor network.

@ Usual tensor network can be used to build nontrivial bosonic
states. These generalized tensor network in (braided) fusion
category may be used to build anyonic states (in particular
anyon condensate).
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Fusion and braiding of the legs are nontrivial

Fix a basis for the tensor product ¢ ® j = @k@Nlij,

F-matrix (F-tensor or 6j-symbol) is just the matrix of associator
(1®j)®k —i® (j®k) in this basis,

_ ijr,af
- kls,xo
8,X,0
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Structure coefficients of algebra

For an algebra A in a unitary fusion category, there is a
multiplication morphism m : A® A — A. First take a basis of A4,

A 4 A
N Lo N )
. X A ,«a
da=ta =3 > i =2 > aiari
i a=1F i a=1
A
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Structure coefficients of algebra

The multiplication morphism m is then
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Structure coefficients of algebra

The central part can be expressed in terms of basis vertices pi]?“

_ kx,p
u

_ kx,p kp
=D My
W
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Structure coefficients of algebra

Thus

_ _ kx,p
m= = Z M;yjs

A A ..
ijk,aBx,p

_ kx,p Ak 4,0 5,8
= > MR (PA ©pa )
ijk,aBx,p

MZLX% is the “structure coefficients” of the algebra.
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Conditions for the condensable algebra

Physically, we can use m : A® A — A tensor to build a anyonic
partition funcion Z,,. The topoloical /retriangulation invariance of
Z,, requires some self-consistency conditions of m, for example
associativity,
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Conditions for the condensable algebra

Physically, we can use m : A® A — A tensor to build a anyonic
partition funcion Z,,. The topoloical /retriangulation invariance of
Z,, requires some self-consistency conditions of m, for example
associativity,

in terms of F-matrix and structure coefficients:

TW,H l(S?V — Ljr,py sC,€ l&w
D METEMh = > Btk Migh Mig'
w e
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Groundstate overlap

Assume there is a Lagrangian
algebra A in C, condensing A

A basis of groundstate subspace .. .
& P leads to a trivial topological

of a topological order described

. order. Its unique ground state
by UMTC C on genus 2 surface is que ground ;
(up to a total normalization

factor) on genus 2 surface is

. - (2)

Express (2) in terms of the basis (1).
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=3 S (v :

ijzur afx

. . *
>y Mig ki (Mgfg’ﬁ) (up to a normalization factor) is the

overlap between groundstates before and after anyon condensation.

TL, Xueda Wen, Liang Kong, and Xiao-Gang Wen, arXiv:1911.08470.
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